We propose a macroscopic traffic network flow model suitable for analysis as a dynamical system, and we qualitatively analyze equilibrium flows as well as convergence. Flows at a junction are determined by downstream supply of capacity as well as upstream demand of traffic wishing to flow through the junction. This approach is rooted in the celebrated Cell Transmission Model for freeway traffic flow. Unlike related results which rely on certain system cooperativity properties, our model generally does not possess these properties. We show that the lack of cooperativity is in fact a useful feature that allows traffic control methods, such as ramp metering, to be effective. Finally, we leverage the results of the technical note to develop a linear program for optimal ramp metering.
modeling. In [12] , the authors allow flow to depend on the density of downstream links, but the technical note focuses on throughput optimality of a particular class of routing policies that ensure the resulting dynamics are cooperative [13] , [14] . In contrast, the model proposed here is generally not cooperative. Furthermore, the adaptation to the CTM described briefly in [12, Section II.C] differs from our model in the following important respects: the model as discussed in [12, Section II.C] assumes a path graph network topology, requires identical links (i.e., identical supply and demand functions), and only considers trajectories in the region in which supply does not restrict flow (that is, α v (ρ) = 1 for all v ∈ V in our model), which is shown to be positively invariant given their assumptions. In this work, we generalize each of these restrictions.
In a separate direction of research, many network models attempt to apply single road PDE models such as [15] and [16] directly to networks, see [17] for a thorough treatment. Recent results such as [18] and [19] provide analytical tools for traffic network estimation and modeling using PDE models. The CTM and related models, including our proposed model, can be considered to be a discretization of an appropriate PDE model [6] . Alternatively, these models and the model we propose in this work fit into the broad class of compartmental systems that model the flow of a substance among interconnected "compartments" [20] [21] [22] .
We first proposed a compartmental model of traffic flow in [23] . Here, we expand on the conference version by discussing the general lack of cooperativity for our proposed model, identifying how lack of cooperativity can be exploited to increase throughput via ramp metering, and providing an explicit optimization problem for obtaining a ramp metering strategy that achieves the maximum possible network throughput.
In Section II, we propose the traffic network model. In Section III, we discuss conditions under which our model is and is not cooperative. In Section IV, we characterize existence and uniqueness of equilibrium flows. We demonstrate how the preceding analysis can be used for ramp metering in Section V. Some of the proofs are omitted due to space constraints, but included in the extended version [24] .
II. DYNAMIC MODEL OF TRAFFIC

A. Network Structure
A traffic network consists of a directed graph G = (V, O) with junctions V and ordinary links O along with a set of onramps R which serve as entry points into the network. For l ∈ O, let σ(l) denote the head vertex of link l and let τ (l) denote the tail vertex of link l, and traffic flows from τ (l) to σ(l). Each onramp l ∈ R directs an exogenous input flow onto G via a junction, and σ(l) ∈ V for l ∈ R denotes the entry junction for onramp l. By convention, τ (l) = ∅ for all l ∈ R. Ordinary links (resp., onramps) are denoted with a solid (resp., dashed) arrow in figures.
Assumption 1: The traffic network graph is acyclic. Acyclicity is a reasonable assumption when modeling a portion of the road network of particular interest. For example, the road network leading out of a metropolitan area during the evening commute may 0018-9286 © 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. We assume L in v = ∅ for all v ∈ V, thus the network flows start at onramps. Furthermore, we assume L out σ(l) = ∅ for all l ∈ R, i.e., onramps always flow into at least one ordinary link downstream.
We define R start Δ = {l ∈ R : L in σ(l) ∩ O = ∅} to be the set of links that lead to junctions that have only onramps as incoming links, and
to be the set of junctions that have no outgoing links.
B. Link Supply and Demand
For each link l ∈ O, we associate the time-varying density ρ l (t) ∈ [0, ρ jam l ] where ρ jam l ∈ (0, ∞) is the jam density of link l. For l ∈ R, we associate the time-varying density ρ l (t) ∈ [0, ∞), thus onramps have no maximum density, that is, they act as "queues." We define ρ Δ = {ρ l } l∈L . Furthermore, we assume each l ∈ L possesses a demand function Φ out l (ρ l ) that quantifies the amount of traffic wishing to flow downstream, and we assume each l ∈ O possesses a supply function Φ in l (ρ l ). We make the following assumption on the supply and demand functions: Fig. 1 depicts examples of supply and demand functions. 1 These assumptions are made to simplify the exposition but can be relaxed to Lipschitz continuity and nonstrict monotonicity beyond the critical density; such functions are considered in the examples. 2 The bound on the derivative of Φ out l (ρ l ) is a very mild technical condition used in the proofs of some propositions. For example, the condition is satisfied when Φ out l (ρ l ) attains its maximum.
C. Dynamic Model
We now describe the time evolution of the densities on each link. The domain of interest is
(1)
For each onramp l ∈ R, we assume there exists exogenous input flow d l (t). Furthermore, for each l ∈ L we subsequently define an output flow function f out l (ρ), and for each l ∈ O we define an input flow function f in l (ρ), such thaṫ
where the functions f in l (ρ) and f out l (ρ) are defined below. When d l (t) ≡ d l for constant d l for all l ∈ R, the dynamics are autonomous
for some enumeration of |L| where denotes transpose, and we similarly define F (ρ) when the dynamics are autonomous.
For each l, k ∈ L,
is the split ratio describing the fraction of vehicles flowing out of link l that are routed to link k. It follows that β lk > 0 only if
β lk is interpreted to be the fraction of the outflow on link l that is routed off the network via, e.g., an infinite capacity offramp. To ensure continuity of f out l (·), we make the following assumption:
A large variety of phenomenological rules for determining the outflows of road links have been proposed in the literature; see [25] and [26] for several examples. We employ the proportional priority, first-in-first-out (PP/FIFO) rule for junctions adapted from [1] :
For each v ∈ V\V sink , we must ensure that the inflow of each outgoing link does not exceed the link supply. Define
By scaling the demand of each link by α v (ρ), we ensure that the supply of each downstream link is not violated
To complete the model, we determine f in l (ρ) from conservation of flow
The format of (4) emphasizes the fact that the outflow of a link is the largest possible flow such that neither link demand nor downstream supply is exceeded and such that the outflow of all incoming links at a junction is proportional to the demand of these links. This proportionality constraint gives rise to the proportional priority terminology. The fixed turn ratios along with the supply and demand restrictions implies that a lack of supply of an outgoing link restricts flow to other Fig. 2. (a) A network that models a stretch of highway with onramps. Each junction is such that |L out v | ≤ 1, i.e., each junction is a merge. "Offramps" are only modeled through the split ratios at junctions. This system is cooperative. (b) A network with two onramps {1, 2} and two ordinary links {3, 4}. This example system is not cooperative due to the proportional priority assumption at junction v 1 . In particular, increased density on link 2 can decrease the flow entering link 4. outgoing links, a phenomenon known in the transportation literature as a first-in-first-out (FIFO) property [1] , [8] .
D. Basic Properties of the PP/FIFO Rule
We first note two properties captured by the proposed network flow model.
We note that the domain D in (1) is easily seen to be positively invariant. Furthermore, it is not difficult to establish Lipschitz continuity of (2) 
III. LACK OF COOPERATIVITY AND ITS ADVANTAGES
The traffic network with constant input flows is cooperative [13] if, for all links l ∈ L and ρ ∈ D • , we have
where, when F l (ρ) is not differentiable (which occurs on a set of measure zero), we interpret the partial derivative in an appropriate directional sense, see [28, Scetion 4.1.2] for details. Cooperative systems are order preserving systems with respect to the standard order defined by the positive orthant and are a special class of monotone systems [13] , [14] . We show that traffic networks are, in general, not cooperative. In the following example, increased demand of an incoming link at a junction causes a decrease in the inflow entering an outgoing link. Example 1: Consider a road network with two onramps labeled {1, 2} and two ordinary links labeled {3, 4} as shown in Fig. 2(b) . Suppose that β 13 = β 14 = (1/2), β 23 = (2/3), and β 24 = (1/3) and {v 2 , v 3 } = V sink . Furthermore, suppose Φ out i (ρ i ) = max{ρ i , c}, for i = 1, 2 and c ∈ R >0 . Now consider ρ = (ρ 1 , ρ 2 , ρ 3 , ρ 4 ) such that ρ 1 = ρ 2 < (2/9)c and suppose the supply of link 3 is the limiting factor for the flow through junction v 1 so that f in 4 ). The supply of link 3 is unchanged, but the total demand from links 1 and 2 for link 3 has tripled so that
Since f out 4 (ρ) = f out 4 (ρ) = Φ out 4 (ρ 4 ), we haveρ 4 (0) <ρ 4 (0) and thus there exists > 0 such that ρ 4 ( ) >ρ 4 ( ), showing the system is not cooperative.
Far from being a negative property of the model, lack of cooperativity is the main reason why ramp metering can increase network throughput or decrease average travel time. By metering the outflow of onramp 2 in Example 1, it would be possible to increase the inflow to link 4, thereby increasing throughput.
IV. EQUILIBRIA AND STABILITY WITH CONSTANT INPUT FLOWS
We now characterize the equilibria possible from the above model with constant input flow {d l } l∈R . We will investigate the case where lim t→∞ F l (ρ(t)) = 0 for all l ∈ L, and, when input flow exceeds network capacity, the case where lim t→∞ F l (ρ(t)) = 0 for all l ∈ O and lim t→∞ f out l (ρ(t)) = c l ≤ d l for some constant c l for all l ∈ R. In the latter case, the density of some onramps (specifically, those with c l < d l ) will diverge to infinity, but we will see that a meaningful definition of equilibrium nonetheless exists. From a practical point of view, such a characterization is useful, e.g., during "rush hour" when the input flow of a traffic network may exceed network capacity for a limited but extended period of time.
Define f out
, and likewise for f in O (ρ) and f out R (ρ) for some enumeration of O and R. The dynamics (7) have the form
where A lk = β kl for l, k ∈ O and B lk = β kl for l ∈ O, k ∈ R. Acyclicity ensures (I − A) is invertible: this can be seen by noting that the only solution to the equation f = Af is f = 0, which follows by a cascading argument since f l = 0 for l ∈ L 1
That is, a nonzero solution implies vehicles remain in the network indefinitely, implying existence of a cycle in the network.
A. Feasible Input Flows
We define f e l Δ = f out l (ρ e ) for all l ∈ L, and the set {f e l } l∈L is called an equilibrium flow.
If the input flow is not feasible, it is said to be infeasible. It is clear that for a feasible input flow {d l } l∈R , we must have for all l ∈ R 
, which contradicts (9).
Proposition 2: Assume (15) and (16) . An input flow {d l } l∈R is feasible if and only if
where d
, and ≤ denotes elementwise inequality. Furthermore, for feasible input flows, the equilibrium flow {f e l } l∈O is unique. While the equilibrium flow for a feasible input flow is unique by Proposition 2, in general, multiple equilibria densities may support this equilibrium flow. However, there does exists a unique equilibrium for which each link is in freeflow:
Corollary 1: For a feasible input flow, there exists a unique equilibrium density {ρ e l } l∈L such that each link l ∈ O is in freeflow. Furthermore, if the input flow is strictly feasible, then the equilibrium density is unique, and, moreover, it is asymptotically stable:
Definition 3: A feasible input flow {d l } l∈R is said to be strictly feasible if the corresponding (unique) equilibrium flow satisfies f e l < Φ crit l for all l ∈ O. Proposition 3: If the input flow {d l } l∈R is strictly feasible, then the equilibrium density is unique and it is locally asymptotically stable.
Note that Corollary 1 implies each link l ∈ O is in freeflow for the unique equilibrium in Proposition 3. Stability in Proposition 3 is proved using the Lyapunov function F (ρ) 1 . We remark that the dynamics are cooperative when all links are in free-flow. This fact allows us to conclude convergence to the equilibrium from the invariant box {ρ : 0 ≤ ρ l ≤ ρ e l ∀l ∈ L}, and the argument can be extended to (not necessarily strictly) feasible input flows as in the following.
Proposition 4: For a feasible input flow, all trajectories ρ(t) such that 0 ≤ ρ l (0) ≤ ρ e l for all l ∈ L converge to {ρ e l } l∈L where {ρ e l } l∈L is the unique equilibrium density in Corollary 1 for which all links l ∈ O are in freeflow. That is
B. Infeasible Input Flows
We now wish to extend a notion of equilibrium to the case when the input flow is infeasible. We have already seen that the density of an ordinary link l ∈ O will not exceed the jam density ρ jam l for any input flow. Thus any density accumulation due to the infeasible input flow must occur on the onramps R. It is therefore reasonable to consider an equilibrium condition in which the densities, input flows, and output flows on the ordinary links, and the output flows on onramp links, approach a steady state while onramp densities may grow without bound. for all l ∈ R. By a slight abuse of nomenclature, we call {ρ e l } l∈L an equilibrium density.
Definition 4 naturally extends the definition for equilibrium flow given in Definition 1 to the case when the input flow is infeasible.
Proposition 5: For constant input flows {d l } l∈R , an equilibrium flow exists.
We now consider the uniqueness of equilibrium flows. We first consider the case when the traffic network graph is a polytree:
Definition 5: A polytree is a directed acyclic graph with exactly one undirected path between any two vertices.
Equivalently, a polytree is a weakly connected directed acyclic graph for which the underlying undirected graph contains no cycles. Figs. 3(a), 2(a), and 2(b) depict polytrees.
Proposition 6: Given constant infeasible input flow {d l } l∈R . If the traffic network graph G is a polytree, then the equilibrium flow {f e l } l∈L is unique. If the undirected traffic network does contain cycles, then equilibrium flows may not be unique when the input flow is infeasible. Such examples with nonunique equilibrium flows are not difficult to construct.
In [23] , we show that networks consisting of only merging junctions are cooperative. For example, a length of highway with onramps as in Fig. 2(a) is cooperative. Furthermore, we prove global convergence of flows under a mild restriction on β lk for each l, namely, that each incoming link l at a particular junction routes the same fraction of flow off the network.
V. RAMP METERING
Ramp metering is an active and rich area of research; see [29] for a review of approaches to ramp metering. In this section, we leverage the results on equilibria and convergence established above to design ramp metering strategies that achieve the maximum possible network throughput.
Definition 6: A ramp metering strategy is a collection of functions {m l (t)} l∈R , m l (·) : R ≥0 → R ≥0 that modifies the demand function of onramps. In particular, we introduce the metered demand function Φ out m l (ρ l (t)) Δ = min{Φ out l (ρ l (t)), m l (t)} ∀l ∈ R.
The traffic network dynamics are exactly as above with the metered demand function Φ out m l (ρ l ) replacing the demand function Φ out l (ρ l ) for all l ∈ R.
In the following, we assume constant metering strategies, i.e., m l (t)
